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1. Introduction.

In [12] we showed how to algorithmically prove all polynomial identities involving a
certain class of elements from second-order linear recurrences with constant coefficients.
In this paper, we attempt to extend these results to third-order linear recurrences.

Let (S,,) be a sequence defined by the third-order linear recurrence

Sn =pSn-1+¢Sn_—2+71S,_3 (1)

where r # 0. We will consider three special such sequences, (X,,), (Y,,), and (Z,,) given by
the following initial conditions:

X():O, X1:0, X2:1;
YO = 0, Yl = 1, Y2 = 0; (2)
Zozl, 21:0, Z2:O

These initial conditions were chosen so that the three sequences form a basis for the set
of all third-order linear recurrences with constant coefficients, and because they will allow
us (in a future paper) to generalize our results to higher-order recurrences. These three
sequences also have nice Binet forms.

Given any sequence (S,) that satisfies recurrence (1), we can write its elements as a
linear combination of X,,, Y,,, and Z,,, namely

Sp = 95Xy + S1Yy + S0 2. (3)

Thus, it suffices to show that we can algorithmically prove any identity involving X,,, Y,,
and Z,,.

The sequence (S,,) can be defined for negative values of n by using the recurrence (1)
to extend the sequence backwards, or equivalently, by using the recurrence

S_pn=(—qS-nt1 —pS—nt2+ S_ny3)/r. (4)
A short table of values of X,,, Y,,, and Z,, for small values of n is given below:
n -2 -1 01 2 3 4 5
X, —q/r* I/r 0 0 1 p pP4+q p°+2pg+r
Y, (pg+7r)/r> —p/r 0 1 0 q pg+r p*q+pr+q°
Zn | (@—pr)/r* —q/r 1.0 0 r pr r(p* +q)

The characteristic equation for recurrence (1) is

23 —pax? —qr—r=0. (5)
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Let the roots of this equation be rq, r3, and r3, which we shall assume are distinct.
The condition that these roots are distinct is that A, the discriminant, is nonzero. That
is,

A% = (ry —12)?(ro — 73)%(r3 — 11)* = p°¢® — 27r* + 4¢> — 4p°r — 18pgr > 0. (6)
The Binet forms for our sequences are given by:

Xn = Al’l“?f —f—Bng —|—0ng,
Y, = Aorl 4+ Bary + Cory, (7)
Zy, = Asr] + Bsry + Csry),

where
1 1 1
A = y B - ) C — )
! (7‘1—7‘2)(7“1—7“3) ! (7‘2—7‘3)(7“2—7“1) ! (7‘3—7“1)(7“3—7‘2)
—(rg +1r3) —(rg+1m1) —(r1 +12)
A , B , Oy = ; 8
2 (7“1—7'2)(7“1—7“3) ? (7“2—7'3)(7“2—7“1) 2 (7”3—7“1)(7“3—7”2) ()
273 31 r1iT2
As = , Bs= . O3 = .
27 (r—2)(r1 — 73) 57 (ry—73)(r2 — 1) 2T (s —11)(r3 — r2)

Another sequence of interest is
Wi = Xpio+ Vo1 + Zn = pXny1 + 20X +3r X1 = (0° + 2¢) Xy, + pYa + 32,
because W,, has the Binet form
Wy =1 +ry +r5. (9)
We can solve the equations in (7) for the 7. We get

7"? = T%Xn + T1Yn + Zn
ry = 15X + roYn + Zn (10)
= riX, +r3Y, + Z,.

This idea was suggested by Murray Klamkin. It also follows from Lemma 1 of [11]. These
equations let us convert an expression involving powers of r;, where a variable n occurs in
the exponents, to expressions involving X,,, Y,,, and Z,.

From the relationship between the roots and coefficients of a cubic, we have

r1T+rot+r3=p
r17re + ror3 + 137 = —q (11)

r17roTs =T.
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Thus any symmetric polynomial involving 71, 2, and 73 can be expressed in terms of p, g,
and r. An algorithmic method (Waring’s Algorithm) for performing this transformation
can be found on page 14 in [5].

An explicit formula for X, in terms of p, ¢, and r was given in [13], namely

a+b+c\ , b .
Xnt2 = Z ( 0 b e )p q"re. (12)

a+2b+3c=n

Similar formulas for Y;, and Z,, can be obtained from the facts that Y,, = X,,11 —pX,, and
Zn = TXn—l-
Matrix formulations were given in [17] and [20]:

Snt2 p q T So
Ser | =110 0[5 ], (13)
Sh 01 0 So
X, p 1 0\"7 /1
Y, | =[q 0 1 0], (14)
Zn r 0 0 0
and n

Xn—|—2 Yn+2 Zn+2 p q T

Xnt1 Yoy1 Zpya | =1 0 0 (15)

X, Y, n 0 1 0

2. The Basic Algorithms.
ALGORITHM “TribEvaluate”:

Given an integer constant n, to evaluate X,,, Y,, or Z,, numerically, apply the following
algorithm:

STEP 1: [Make subscript positive]. If n < 0, apply algorithm “TribNegate” given below.
STEP 2: [Recurse]. If n > 2, apply the recursion:

Sn - pSn—l + an—2 + 7aSn—?)-

This reduces the subscript by 1, so the recursion must eventually terminate. If n is 0, 1,
or 2, use the values in display (2).

NOTE: While this may not be the fastest way to evaluate X,,, Y,,, and Z,, it is nevertheless
an effective algorithm.

The key idea to algorithmically proving identities involving polynomials in Xy, 40,
Yants, and Zgp1p is to first reduce them to polynomials in X,,, Y,,, and Z,,. To do that,
we need reduction formulas for X+, Yim4n, and Z,,4,. Such formulas can be obtained
from equations (7), (8), (10), and (11).

From equation (10), we can compute rﬁm by multiplying together r}* and r;". Then
equation (7) gives us X, 1. Thus, X,im = A1(r2 X, +7r1Y + Z,) (P31 X +7r1Yo + Z) +
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Bl (T%Xn + T2Yn + Zn)(r%Xm + T2Ym + Zm) + Cl (T:%Xn + T3Yn + Zn)<T§Xm + TSYm + Zm)
Substituting in the values of the Ay, By, and C from equation (8) gives us an expression
that is symmetric in rq, 79, and r3. Applying Waring’s Algorithm allows us to express this
in terms of p, ¢, and r using equation (11). We can do the same for Y, 1, and Z,4,,. The
results obtained are given by the following algorithm.

ALGORITHM “TribReduce” TO REMOVE SUMS IN SUBSCRIPTS.

Use the identities:
Xongn = 0 + Q) XX + (XY + X Ya) + X0 Z + X Zn + Yo Yo
Yiiin = 0q + ) X Xn + ¢( X0 Y + X0 Y0) + Yo Zo + Y 2, (16)
Znin = prX;m Xn +1(XnYm + X Yo) + Zin Z.

These are also known as the addition formulas.

From the table of initial values, we find that the reduction formulas can also be written
in the form

Xm+n == X4Xan + XS(XnYm + XmYn) + Xan + XmZn + YmYn
Yian = Ya X0 X0 + Y3( XY + X0 Vo) + Yo Zoo + Yo 2, (17)
Znin = ZaXmXn + Z5(XnYm + XmYs) + ZinZn.

The matrix formulation is

X\ [Xs X3 X3\ [Xn

Xoin= Y | [ X3 % x1 || v (18)
Zm Xo Xi1 Xo Zn,

with similar expressions for Y,,,1, and Z,,4+,.
If we allow subscripts on the right other than “n” and “m”, simpler forms of the
reduction formula can be found. For example, [18] gives the following:

Sn+m - XmSn_|_2 + YmSn+1 + ZmSn (19)

Similar expressions can be found in [7] and [17]. In matrix form, they can be expressed as
Sn+m Xm—|—1 Ym+1 Zm—l—l Sn—l—l

Spimat | = X Y  Zn S, . (20)
Sn+m72 mel mel mel Snfl

These formulations come from [18] and [20].

Algorithm “TribReduce” allows us to replace any term of the form S,,, 1, where a and
b are positive integers by terms of the form S,,. To allow a and b to be negative integers
as well, we can also use equation (16), however, then we will obtain expressions of the
form S_,,. Since we would like to express these in the form .S,,, we must find formulas for
S_,. The same procedure we used before works again. For example, from equation (10),
we can compute r; " as 1/r". Equation (7) then gives X _,, = A1 /(riX,, + r1Y, + Z,) +
B1/(r3X, + 1Y, + Zy) + C1/(r3X, + r3Y, + Z,). Again we apply Waring’s Algorithm
and we get the following result.



ALGORITHM “TribNegate” TO REMOVE NEGATIVE SUBSCRIPTS.
Use the identities:

X_ 5
Tn
Y—n — (pq + T)XEL - pQXnYn - pYn2 - YnZn (21)
7171/
P (¢ —pr)X2 — (pq + 1) XY — qV2 + (p? + 29) X, Z,, + Yo Zy, + Z2

TTL

If we allow subscripts on the right other than “n”, simpler forms can be found. For
example,
X = (Xn+1Yn - XnYnJrl)/rn
Y_n = (XnYn+2 — Xn+2Yn)/T‘n (22)

Z_p= (Xn+2Yn+1 - Xn—i—lYn—l—Z)/Tn-

3. The Fundamental Identity Connecting X, Y, and Z.
The Fibonacci and Lucas numbers are connected by the fundamental identity

L2 =5F7 +4(-1)™. (23)

Furthermore, it can be shown that if f(F,,,L,) is any non-constant polynomial (with
coefficients that are constants or of the form (—1)") that is 0 for all integral values of n,
then this polynomial must be divisible by L2 — 5F? — 4(—1)". That is, equation (23) is
the unique identity connecting F), and L,,.

A similar result holds for arbitrary second-order linear recurrences. For third-order
linear recurrences, we believe there is also exactly one fundamental identity connecting
X, Yy, and Z,,. In this section, we will find such an identity, but we do not prove that
this identity is unique.

To obtain an identity connecting X,,, Y,,, and Z,,, we can multiply together the equa-
tions in display (10). The result is a symmetric polynomial in 71, 72, and r3 and can thus
be expressed in terms of p, ¢, and r. The result is the following.

THE FUNDAMENTAL IDENTITY:

=X Y A 2+ (6 = 2pr) X Z — qrXn Yy, + prXn Y,

2 2 2 2 (24)
+ (P +29) X Z; — qY,  Zy + pYon Zi — (pg + 3r) X, Yo Z,,.

If we allow subscripts on the right other than “n”, simpler forms of the fundamental
identity can be found. For example, [15] gives the following equivalent formulation:

Xn+2 Xn+1 Xn
Yn+2 Y'n,—|—1 Yn =r". (25)
Zn+2 ZnJrl Zn



4. The Simplification Algorithm.

Let us be given a polynomial function of elements of the form X,,, Y,,, and Z,,, where
the subscripts of X, Y, and Z are of the form ayny + asns + - - - + agng + b where b and
the a; are integer constants and the n; are variables. To put this expression in “canonical
form”, we apply the following algorithm:

ALGORITHM “TribSimplify” TO TRANSFORM AN EXPRESSION TO CANON-}
ICAL FORM.

STEP 1: [Remove sums in subscripts]. Apply Algorithm “TribReduce” to remove any
sums (or differences) in subscripts.

STEP 2: [Make multipliers positive]. All subscripts are now of the form cn where ¢ is an
integer. For any term in which the multiplier ¢ is negative, apply Algorithm “TribNegate”.
STEP 3: [Remove multipliers]. All subscripts are now of the form ¢n where ¢ is a positive
integer. For any term in which the multiplier ¢ is not 1, apply Algorithm “TribReduce”
successively until all subscripts are variables.

STEP 4: [Remove powers of Z]. If any term involves an expression of the form Z* where
k > 2 reduce the exponent by 1 by replacing Z3 by its equivalent value as given by the
fundamental identity (24), namely

Z3 = 1" — X3 —rY? — (¢® — 2pr) X2 Z, + qrX2Y, — prX,Y;

26
— (p* +29) X022 + qY2 2y — pYnZ2 + (pq + 37) X0 Y Z,. (26)

Continue doing this until no Z,, term has an exponent larger than 2.

PROVING IDENTITIES.

To prove that an expression is identically 0, it suffices to apply algorithm “TribSim-
plify”. If the resulting canonical form is 0, then the expression is identically 0. We believe
that the converse is true as well; that is, an expression is identically 0 if and only if al-
gorithm “TribSimplify” transforms it to 0. A formal proof can probably be given along
the lines of [18], however, we do not do so. Suffice it to say that algorithm “TribSimplify”
was checked on about 100 identities culled from the literature and it worked every time.
A selection of these identities is given in the appendix. See also [6] for a related algorithm
for trigonometric polynomials.

5. Other Algorithms.
These algorithms can be verified by applying algorithm “TribSimplify”.

ALGORITHM “ConvertToX” TO CHANGE Y’s AND Z’s to X’s

Use the identities:
Yn = _an + XnJrl

27
Zn = an—l- ( )
ALGORITHM “ConvertToY” TO CHANGE Z’s AND X’s to Y’s
Use the identities:
Zn = (TYn—l—l - qTYn—l)/<pq + T‘) (28)

Xn = (pYnq1 +7Y0_1)/(pg+ 7).



ALGORITHM “ConvertToZ” TO CHANGE X’s AND Y’s to Z’s

Use the identities:
Xn - n—i—l/r

29
Yn = n—l"’an/r- ( )
ALGORITHM “Removepqr” TO REMOVE p’s, q’s, AND r’s
Use the identities:
b= (Xn+1 - Yn)/Xn
q= (Yn—i-l - Zn)/Xn (30)
r = Zn—|—1/Xn-
ALGORITHM “TribShiftDownl” TO DECREASE A SUBSCRIPT BY 1
Use the identities:
Xn+1 = an + Yn
Y1 =¢X, + 2, (31)
Zn_|_1 = T'Xn.
These can be found in [10].
ALGORITHM “TribShiftUpl1” TO INCREASE A SUBSCRIPT BY 1
Use the identities:
Xn—l = Zn/r
Y1 =X, —pZ,/r (32)

Zn1=Y,—qZy,/r.

SUBTRACTION FORMULAS
Use the identities:

Xen = (rXn(XnYm — X Yn) — (X0 + Z0) (X0 Zm — X Zn)

+ (pXp + Y)Y Zm — Yo Zy)) /1"
Yien = (r(pXn + Y) (XY — X0 Vo) + (pg + 1) X0 (X Zon — XonZy)

= (plp+ )Xy = Zp)(YnZim — Y Zy)) /7" (33)
T = (P X X2 — qr X2Y,, + pr X, Yo Yy + 1Y Y2 + ¢° X2 2, — pr X2 Z,,

—pg X Y2y —r XY 2o — quZm —pr X, XnZy, —r X, Y2,

— X Yo Zn + 0* X0 Zon Zn + 20X 0 Zoon Zon + DY Zon oy + Zn Z2) [

If we allow subscripts on the right other than simple variables, simpler subtraction



formulas can be found. For example, [2] gives the following equivalent formulation:

Zm  Ym  Xn
Xm—n=| Zn Y, X, |/
Zn—l—l Yn+1 Xn—|—1

Zm—n = Zn+1 Yn+1 XnJrl /Tn~
Zn+2 Yn—|—2 Xn—|—2

DOUBLE ARGUMENT FORMULAS

Letting m = n in equation (16) gives us the following.
Xop = (0* + ) X2 + 2pX,.Y,, + Y2 +2X,,Z,
Yan = (pq + 1) X7 + 20X, Y, + 2Y, Z,, (35)
Zoy =prX2 +2rX,Y, + Z2.
TO REMOVE SCALAR MULTIPLES OF ARGUMENTS IN SUBSCRIPTS
An expression of the form Sk, where k is a positive integer can be thought of as being of
the form S, 4y+...4n, Where there are k£ terms in the subscript. This can be expanded out
in terms of S,, by k — 1 repeated applications of the reduction formula (16). For example,
for k = 3 we get the following identities.
X3, = (p* +3p%q + ¢* + 2pr) X2 + 3(0® + 2pg + 1) X2Y,, + 3% + ) X, Y2
+pY,2 +3(p* + ) X2 2, + 6pX, Y0 2 + 3Y,2 2, + 3X, 22
Van = (03q + 2pg® + p*r + 2qr) X2 + 3(p%q + ¢* + pr) X2V, + 3(pg + 1) X, Y2
+qY2 +3(pqg + 1) X220 + 60X, Y0 20 + 3V, Z2
Zsy = (P°r + 2pqr +r2) X3 + 3r(p* + ) X2 Y + 3pr X, Y2 + 1Y) + 3pr X2 Z,
+6rX, Y, Z, + Z3.

In general, we have

k a C
Skn=_ (a ; C>52a+bXnY,on (36)

a+b+c=k

where (a ’Z C) denotes the trinomial coefficient % Formula (36) can be proven by induc-
tion on k.



CHANGE OF BASIS (Shift Formulas)

ALGORITHM “TribShift” TO TRANSFORM AN EXPRESSION INVOLV-
ING X,, Y,, Z, INTO ONE INVOLVING X, 4, Yntby Zntc

Use identities such as:

_ 1 qu + Zb Yb an + Ya Xa an + Ya Xa
Xﬁ_f?Q X Z0m T ex, z | T axe+ 2, v | O
where
P+ )Xo +pYa +Zs pXo+Ye X,
D = (pq +17)Xp + qYs qXo +72y Yy (37)
prX.+rY, rX. Z,

which can be obtained by solving the linear equations

Xnta= 0+ Q)Xo Xy + (X0 Yo + Xo Vo) + X0 Zo + XuZ + Yo Yy,
Yoo = (pq + 1) Xp X0 + (X0 Yy + XoY3) + Y0 2y + Vi Z,,
Znte = prXeXy + (X, Yo + XY, + ZeZ,

for X,,, Y, and Z,.

One can change from the basis (X,,Y},, Z,) to the basis (X;1q, Xntb, Xniec) in a
similar manner. Other combinations can be found in the same way. To change from an
arbitrary basis to another, apply algorithm “TribReduce” to transform the given expression
to the basis (X,,,Y,, Z,). Then use one of the above formulas.

6. Turning Squares into Sums.
For Lucas Numbers, there is the well-known formula

L} = Loy —2(-1)" (38)

which allows us to replace the square of a term with a sum of terms. To find an analog for
third-order recurrences, we can proceed as follows.

Combining equations (21) and (35) gives us 6 equations in the 6 variables X, Y,,
YnZn, XnZn, X2, Y2, and Z2. We can then solve these equations for X2, Y2, and Z2 in
terms of Xo,, Yon, Zon, X_pn, Y_pn, and Z_,,. We get the following (computer-generated)
result.

ALGORITHM “TribExpandSquares” TO TURN SQUARES INTO SUMS:

dX?L = 7“”[2(p4 + 5p%q + 4¢% + 6pr)X_,, + 2(p3 +4pg+9r)Y_,, + 2(p2 +3q)Z_)
+2(3pr — ¢*) Xon + (pg + 97)Yan — 2(p” + 3q) Zan (39)
dY? = r"[2(p® + 6p*q + 8p*¢* + 8p®r + 16pgr + 9r?) X _,,
+2(p° + 5p°q + 4pg® + Tp*r + 3qr)Y_p, + 2(p* + 4p°q + ¢ + 6pr) Z_,)
+ (97 — p*q® — 2¢° + 2p°r + 4pgr) Xon + (p°q + 3pq® + p*r + 3qr) Yo, (40)
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—2(p* 4+ 4p°q + ¢* + 6pr) Zon
dZ? = r™[2r(p° + 6p>q + 8pg® + Tp*r 4+ 12qr) X _,
+2r(p* + 5p2q + 4¢% + 6pr)Y_,, + 2r(p® + 4dpq + 9r) Z_,,]
—2r2(p* + 3¢) Xon + 7(p*q + 4¢° — 3pr)Yay (41)
+ (97 — p?¢* — 4¢> + 2p°r + 10pqr) Zay,

where d = 27r2 — p?q® — 4¢3 + 4p3r + 18pqr.
These formulas are a bit outrageous. Are there any simpler formulas? Can these be
put in simpler form? To be more specific, we ask the following.

Query. Is there a simpler formula than formula (41) that allows us to express Z> as a
linear combination of terms, each of the form X,,1p, Yants, or Zonis? The coefficients
may include the constants p, ¢, and r as well as the non-linear expression r".

7. Turning Products into Simpler Products.
For Lucas Numbers, there is the well-known formula

LinLn = Lynsn + (—1)"Lyn—n (42)

which allows you to turn products into sums. For third-order recurrences, there probably
is no corresponding formula. However, there is a formula that allows us to turn products
of three or more terms into sums of products consisting of just two terms.

To find a formula for X,, X, Xs, we can proceed as follows. From equation (7), we
have

XanXS = (AlT‘{n -+ AQT;TL -+ Ag?“gl)(Al’l“? + AQT;L -+ Agrg)(Alrf -+ AQT‘S -+ Ag?"g).

After expanding this out, replace any term of the form r¢r§r$ (with a,b,¢ > 0) by

rsr?_srg_srg_s, which is equivalent because rirers = r. Since one of a, b, ¢ is equal

to s, this substitution turns this term into one involving the product of only two powers of
the r;. Use equation (10) to convert powers of r1, ry, and r3 back to expressions involving
X, Y, and Z. Then use Waring’s algorithm and equations (8) and (11) to replace A;, As,
As, r1, T2, and 3, by p, q, and r. We get the following (computer generated) result.

X XnXs = [_CSXm—I—nXs — 8 X Xomgs — 8 X Xngs + 6 Xmints — 7 Xn+s¥m
— Xt sYn — 3 XsYimin — 7 XominYs — c6YmanYs — 3 X0 Yiys
—6YnYmis — 3 XmYnis — c6YmYnis — csYmints — 6 XntsZm
+c5YnisZm — 6 XmysZn + 5YmasZn — C2XsZman + 5Ys Zmin
— 6 XmanZs + c5YminZs +3c1Zminss — o XpnZmis + c5YnZmts
+3c1ZnZmrs — CoXmZnts + 5YmZnis +3c1ZmZnys
—3c1Zmants — T (—208 X m—s Xn—s + coXp—sYim—s
+ g Xm—sYn_s —2c6Ym—sYn—s+ 204X p_sZpm—s+ 2¢5Y0_sZim—s
+ 204X -5 Zn—s + 205V m—sZn—s + 601 Zm—sZn_s)] | d*
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where
c1 = p2q® + 4¢% — 4p3r — 18pqr — 27r?
co = —2p*q® — 13p%¢® — 20¢* + 8p°r + 56p3qr + 90pg®r + 54p*r? + 135¢r>
c3 = p3q3 + 4pq4 — 4p4qr — 12p2q27“ + 24q37“ — 24p3r2 — 13’5)p(_17“2 — 1623
ca = pia® 4+ 6p*q® + 8¢t — 4p°r — 27p3qr — 36pgPr — 27p*r? — 54qr?
C5 = pCy
Ce = gC1
c7 = —3c1r
cs = —p2q* — 4¢° + 6p3¢®r + 26pg>r — 8p*r? — 36p2qr? + 27¢%r? — 54pr®
co = —p>¢® — dpg* + 4ptqr + 15p?r — 12¢3r + 12p3r? 4 81pgr? + 8113
and

d=27r? — p*¢® — 4¢> + 4p3r + 18pgr.

These formulas can be simplified. Using the first formula in display (16), we can
remove any terms of the form Y,,Y,,. Using the second formula in display (16), we can
remove any terms of the form Y,,Z,, + Y;,Z,. Using the third formula in display (16), we
can remove any terms of the form Z,,7,. Upon doing this, we get the following.

AXm X Xs = 2(¢* = 3pr) [ Xo Xonin + X0 Xotm + Xon Xnas — 205X s X ]
—2q[Xmints — 7" Xign—2s] + 20[Ymints — 7 Ymin—2s]
+6[Zmtnts — 7° Zm+n—2s]
— (pq + 97)[XsYmin + XoYsrm + X Yoas (43)
—r’ (Xm—sYn—s + Xn—st—S)]
+2(p* + 39)[Xs Zimtn + XnZstm + X Znts
— 1 (X5 Zn—s + Xn—sZm—s)].

This can also be expressed in the following form:
ALGORITHM “TribShortenProducts” TO TURN PRODUCTS OF MANY

TERMS INTO PRODUCTS OF TWO TERMS:
Xn XXy = [XsCrin + XnCsim + X Crys
=1 (Xom—sCps + Xn—sCps)
24X nts + 20V mmss + 6 Zmsmis
— 7% (=2¢Xm4n—2s + 20Ym4n—2s + GZm+n—2s):| /d
where d = 27r? — p?q¢? — 4¢> + 4p>r + 18pqr and

(44)

Cy, = 2(q* — 3pr) Xy, — (pg + 7)Y, + 2(p* + 39) Z,.
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For products of three terms not all involving X'’s, first apply algorithm “ConvertToX”,
formula (27), to change any Y or Z terms to X terms. For products of more than three
terms, this procedure can be repeated, three terms at a time, until only products of two
terms remain.

Formula (44) is still pretty messy. Can it be simplified? Can it be made to look
symmetric under permutations of (m,n,s)?

8. Simson’s Formula.
For Fibonacci numbers, there is the well-known Simson Formula, F,,+1F,_1 — F,f =
(—1)™. This can be written in the form

Fn+l Fn
Fn anl

The generalization of this to third-order recurrences is

Xn—|—2 Xn—l—l Xn
Xo1 Xpn Xpq|=-—r"? (46)
Xn anl Xn72

which can be further generalized to

Sn+a  Sntsz Snao Sy S3 S
Sn+3 Sn+2 Sn+1 =r" 53 SQ Sl . (47)
Sn+2 Sn+1 Sn S2 Sl SO

These formulas come from [15].

9. Summations.

We can perform indefinite summations of expressions involving X,,, Y,,, and Z,, any
time we can perform such summations with ™ instead, since by (7), these terms are
actually exponentials with bases rq, r2, and r3.

First, the expression is converted to exponential form using equation (7). Then it is
summed. The result is converted back to X’s, Y’s, and Z’s by using equation (10). Then
r1, 2, and r3 are converted to p, ¢, and r using equation (11).

The following summations were found using this method.

(48)

Zn:a:’fX — —2® + 2" (X1 + 2V + 2720 40)
pt F —1+ px + qz? + ra?

ZXak—H) = [(Ya4b — Y(n+1)a+b){7ﬁX2 + (pXa +Ya)(Za — 1)}
k=0

+ (Xa+b - X(n+1)a+b){(Za - 1)2 —rX, Y, + ar<Za - 1)}
+ (Zats = Zin1yaro) {(PXa + Ya) Yo — ¢X3 — Xo(Zo — 1)}]



JIPX2 4+ rY2 + (Zy — 1) — qY2(Zy — 1) (49)
+ X2((q* = 2pr)(Z, — 1) — qrY,) + pYo(Z, — 1)*
+ X, ((p +2q)(Za 1)2 +era2 —Ya(pg+3r)(Z, — 1))]

ST kXp=[2—p+r—(n+1)2r +q+ 1) Xng1 +0(2r +q+ 1) X

k=1
+ (n + 1)(29 —Tr—= 2)Yn+l - n(p -—r—= 2)Yn—|—2 (50)
+(n+1)2p+q—3)Zns1 —n(2p+q—3) Zni2]/(p+q+r—1)°

Z X =[(1+3¢—pg+7r —3pr + r*){—(n +1)° X141

+(2n% +2n — D X,h0 —n?X,i3}
+(3=3p+p*+q+6r—3pr—qr){—(n+1)>2Y, (51)
+ (2n% + 2n — 1)Y, 40 — n2Y, 43}

+(6—8p+3p* —3¢g+3pg+q*+3r —pr){—(n+1)*Z, 11

+@2n% 4+ 2n — 1) Zy0 —n*Zpis}]/(p+q+7r —1)3

Z XpXn—rp=[—(n+1)prX, + (97 —npqg — 3nr) X,11 + q¢(n — 1) X412 — 3r(n + 1)Y,
k=0
+ (np® — p* =3¢+ nq)Yni1 —p(n — 1)Y,i2 4+ (n+1)(p° + 49)Z,  (52)
+2npZ,1 — 3(n — 1)Zn+g]/(p2q2 + 4¢3 — 27r? — 4p3r — 18pqr).

Most of the above formulas are special cases of formula (5.2) of [22].

10. The Tribonacci Sequence.
The Tribonacci Sequence, (T},), may be defined by

T, =T, 1+T, 2+ Tn—3 (53)

with initial conditions 7o = 0, 73 = 1, and T, = 1. A basis can be formed from

(Tn, Tn+17 Tn+2)'
For this sequence, we have T;,, = X,,1 with p =¢ =r = 1. To convert X’s, Y’s, and
Z’s to T’s, use the identities

Xn — Int2 — Tn—l—l - Tn
Yn == 2Tn + Tn+1 - Tn—l—? (54)
Zn = 2Tn+1 - Tn+2-

The reduction formulas are:

Tn+m - Tn(QTm+1 - Tm+2) + Tn+1(2Tm + Tm+1 - Tm+2)

(55)
— Ln+42 (Tm + Tm—|—1 - Tm+2)
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and
Tn—m == Tn(Tng_l - Tme+2) + Tn+1(T72rL+2 - Tme—|—1 - Tm+2Tm - m+2Tm—|—1) (56)
+ Tn+2(T»,31 + Tme+1 + ng+1 - Tm+1Tm+2)-
A form of the addition formula was first found by Agronomof in 1914 [1].
The double argument formula is
Ton =T7 o+ Toapy +4T,Tns1 — 2T, Tyo — 2T 41 Do (57)
A form of this can also be found in [1].
The negation formula is
T, = Tr%—i—Z + T3+1 + Tr% - Tn+2(2Tn+1 + Tn)- (58)

The fundamental identity connecting 15,, 15,41, and 13,42 is

T3+200  +To o+ 2T, T 1 (T + T1) + T Tro (T, — Tso — 2T 11) — 201 T 5 = 1.
(59)
The formula to expand squares is

T2 = (5Tongo — 3Tong1 — 4T, + 4T, + 10T,y — 2T,,_5)/22. (60)
The analog of Simson’s formula is

Tn+2 Tn+1 Tn
Tos1 Tn Touo1|=-—1 (61)
Tn Tn—l Tn—2

which was found by Miles [9] along with generalizations to higher order recurrences.
Miles [9] also generalized the relationship between Fibonacci numbers and binomial
coefficients from Pascal’s triangle,

a+b
Fn+1 — Z < a ) )
a+2b=n

to the following formula which relates Tribonacci numbers and trinomial coefficients from

Pascal’s pyramid:
a+b+c
Tn+1 - E ( a b c ) (62)

a+2b+3c=n

The following summation was found using the methods of Section 9.

ZTKQ =1 +4T,Tp1 — (Tny1 — Tno1)?)/4. (63)
k=1
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Appendix 1: Selected Identities.

We present below some selected identities culled from the literature. All these identi-
ties were successfully checked by algorithm “TribSimplify”. Recall that W,, is defined by
equation (9).

The following six identities come from Jarden [7]:

Sn+m - erSn—l + Xm—i—l(Sn—l—l - pSn) + Xm—l—QSn
Xon = (2rXp_1 +qXn) X0 + X714
X2n—|—1 == TXTQL + (2Xn+2 - an+1)Xn+l
X2n = Xan + TnX—n
Wap = W7 —2r"W_,
X2n—‘,—1 = Xn+1Wn + rnXl—n

The following three identities come from Yalavigi [21]:

W3, = W, (3Wa,, — W2) + 61"
Win = WpWan — Won (W3 = Wap) /2 + "W,
Wintam — Wan = WatmWaniam — WaWan — Woniom (W2, — 2Waniom)/2
+Wan (W7 —2Wan) /2 4+ 7" (Whgm — Wy)

The following three identities come from Yalavigi [20]:

Sm+n — m+2Sn + YerQSnfl + Zm+28n72
SZn - n+2Sn + Yn—i—QSn—l + Zn+25n—2
Sm+n - Xm+h+2Sn—h + Ym+h+2Sn—h—1 + Zm—l—h—l—QSn—h—Q

The following identity comes from Shannon and Horadam [15]:
Yo =qX 1 +rX, o

The following ten identities come from Carlitz [4]: Both p, and o, satisfy third-
order linear recurrences with » = 1 and the same p and ¢ with initial conditions py = 1,
p1=p2=0,00=3, 01 =p, 02 =p*>+2q. In particular, with » = 1, we have o, = W,
and p, = Z,.

2pmpn —Pm+1Pn—1—"Pm—1Pn+1 = Om—-30n—-3 ~Om4n—6 —"Om—-3Pn—-3 —0On—-3Pm—3 +2pm+n—6

Om+3n — Om+2n0n + Om+4n0—n — Om = 0

Oop = UfL —20_,
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O3 = az —30,0_,+3
2 _
Pn — Pn+1Pn—1 = P3—n
2 —

Prn = Pn+1Pn—1 = P2n—6 — Pn—30n—3 + 03_p
PmOn = Pm—+n + Pm—nO0—n — Pm—2n
OmOn = Om+4n + Om—n0—n — Om—2n

P2n = PnOn — O0—n + P—n
2
P3n = PnO0y — On0_n + P—nOn — PnO—n + 1

The following nine identities come from Waddill [17]: In their notation, we have U, =
Xpit.

Sn—|—m - n—k:Sm+k:+1 + Yn—k—|—1Sm—|—k + TUn—k—lsm—Hc—l

Sntm = Unm—tSn+k+1 + Ym—tk+15n+k + "Um—k—1S5n+k—1
S2 4 qS% | +2rS, 1802 = S9S52, 2+ (¢S1 +1S0)S2n_3 + 151524
Uspp1=U2 4 qU?_| +2rUp_1Uy_o
Uspn1=Upni1Up_1 +1Up 1Up_o + U2 — pU,U, 4
qUan—1 = U2 — pUn1Upn + (r — pq)UpUp—1 + qUZ — pr(UpyUp—o + UZ_))
—qrUp_1Up_o —1*(Up_1Un_3+U?_,)
Usn—1 = Up1(U2 1 + Yp2Up +17Un—1Up) + Yy (UpUn g1 + Yoy 1 Uy +17U2_))
+1rUpn—o(Up—1Upy1 + Yo Uy + 17U, —2U, 1)

Sn—i—m—i—h Sn+j+h Sn+h U U Sm—l—Z Sm+1 Sm

Sntm+k  Ontjrk  Ontk | =1" Uh_l Uh | Stz Sjrr 5

Sn—|—m Sn—|—j Sn ot b 82 Sl SO
SSn S4n S3n U U 52n+2 SZn+1 SZn
S4n SBn S2n =r" []2n_1 []2n Sn+2 Sn+1 Sn
Ssn  Son  Sn S - T -

The following five identities were found by Zeitlin [23]:

S2. 6=+ q)S2 5+ (@® +qp® +1p)S2 4+ (2r° +rp* + dpgr — ¢*)S2 4

+ (r2p2 —rpg® — rzq)82+2 + (rzq2 — r3p)ST2L+1 — r4S,2L

Sonte — (0% +2¢)Sonia + (¢ — 2rp)Sapso — 1282, =0
r*S_, = SO(WE — Wgn)/2 - W,S, + Son
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n—+2 n—+1 n

(n—1)Xps1=pY X;Xpjooj+20) X;Xni1j+3r> X; X, ;
J=0 j=0 =0
Zn:X x = Or+pg)(n—1)Xni1 — (6 + 20°)nYn 11 + (4% — 3pr + p*q)(n + 1) X,
k=0 e 27r? — p?q? — 4¢3 + 4p3r + 18pqr

See [19] for other identities.

Appendix 2: Selected Tribonacci Identities.
We present below selected identities from the literature in which p = ¢ =r = 1. All

these identities were successfully checked by algorithm “TribSimplify”.
The following three identities come from Agronomof [1]:

Toim = Toi1 T + (T + Tonm1) Trom1 + Tt L—2
Ton =T34 + Tn(Trgr + Tyt + Tho)
Ton—1=T2+ T 1(Ty—1 + 2T, _2)
The following three identities come from Lin [8]: In their notation, we have U,, = Y, 12,
withp=qgq=r=1.

2 2
U4n+1U4n+3 + U4n+2U4n+4 = T4n+4 - T4n+2

Upi1+Uny =2(T8 + T34y)
Trpy = T3 = Ups1Un
The following five identities were found by Zeitlin [23]:

Tn+6—|—aTn—|—6+b = 2Tn+5+aTn+5+b + 3Tn+4—|—aTn+4+b + 6Tn—|—3+aTn+3+b
- n+2+aTn+2—|—b - Tn+aTn+b

n

—(1 -2z — 32% — 62° + 2* + 2%) ZT,?ack =T2 2"+ (T2, — 275, )a" ™
k=0

+ (T3+3 - 2T5+2 - 3T3+1)wn+3
+ (Tﬁ+4 - 2T5+3 - 3Tg+2 - 6T5+1)$n+4

— T2 " T2 g 2?2 4t

8Y TP =T3 5 —Toy — AT} 53— 10T2 , — 9T, — T3 +2
k=0
T—n - _WnTn + T2n
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n—2

223 T;Ty 5 j =5(n—1)T, —2(n— )T,y — 4nT,_s
j=0

The following two identities come from Shannon and Horadam [14]:

(SnSn+4)2 + (2(Sn+1 + Sn+2)Sn+3)2 = (S,,Ql + 2(Sn+1 + Sn+2)Sn—|—3>2
4(SnyaSn1 —Sn o) =Sn 1 —Siis
The following eleven identities come from Waddill and Sacks [16]: In their notation,
we have K, = X,,41, L, = Y41, and R, = S,,1 + SS9, withp=q=r=1.

Ln =HKp_1+ Kn—Z

Snth = Kny1Sn + Liy15n-1 + KpSp—2
Son = Kny1Sn + Lpy15n-1 + KpSpo
Son—1=KpnSp + (Kpn—1+ Kn—2)Sn—1 + Kp—1Sn-2
Sn+h = Kntm+15m—m + Lhtm+19m—m-1 + KptmSn—m—2
SZ4+ 82 | +28, 18,2 = S285,_2 + RaSon_3 + S152,_4

St Siv1 Sige

Sh Snth Snthtk K
Sm Sm+1 Sm+2

Khik
Sntt  Sntht+t  Snthtktt

Lhy1 Lpyks

Sn+m Sn+h+m Sn+h+k+m SO Sl SQ
K’I‘L Kn—l—h Kn+h+k Kh Kh_]_ Km Kt

Kn—|—m Kn—|—h—|—m Kn+h—|—k—|—m

Kn+1 Kn Kn+h K K

K K K =K h h=l
n+h+1 n+h n+2h | — h—1" K K

K K K 2h 2h—1
n+2h+1 n+2h n+3h

Kn Kn—l—h Kn—l—m Kh Km 2
Kn+h Kn+2h KnJthrm = - thl K, 1

Kn+m Kn—l—h+m Kn—|—2m

St St+1 St—|—2
: Sm Sm+1 Sm—|—2
So S So

Snthtk+t Onth+k  Onthtktm e K
| Khtk—1 htk

Rn+h+t Rn+h Rn—l—h—l—m - Lh Lh
Sn—|—t Sn Sn+m -
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Errata.

Computer verification of the various identities encountered in the references consulted
during this research revealed a number of typographical errors in the literature. We list
the corrections below to set the record straight.

In [4], equation (1.15) should be the same as equation (4.1). Also, equation (1.16)
should be the same as equation (3.14).

In [10], equation (2.1) should read “J,4+1 = PJ, + K,,”.

In [13], in equation (1.4), “t5 = P? + Q” should be “t; = P? 4+ 2Q”. Equation (2.2)
should read “t,, = Ps,_1 + 2Qs,_2 + 3Rs,_3”.

In [16], the last term of equation (21) should be “Kj xP,_2", not “K, xP,_1".
Also, the final subscript in equation (41) should be “h—1”, not “n —1”. In equation (42),
“Ppithem” should be “Ry, 4y p1p” and “K, 11" should be “Kjp”.
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