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Let R, r, and s denote the circumradius, inradius, and semiperimeter of a triangle
with angles A, B, and C. In problem 652 of this journal [2], W. J. Blundon pointed out
the well-known formulae

3 tan A = 2rs
 s2 —4R2 — ARy — 12

where the sums are cyclic over the angles of the triangle. He asked if there were similar

formulae for ) sin A/2 and ) cos A/2. All the solutions received were very complicated.

Murray Klamkin [3] pointed out that Anders Bager in [1] tacitly implied there were no
known simple R — r — s representations for the following triangle functions:

Sosing, YsinZsing, Sescd, YescBesel, "

1

Scosd, YcosBeosE, Ssecd, YosecBsec.

Klamkin went on to conjecture that these sums cannot be expressed as rational functions
of R, r, and s. (A rational function is the quotient of two polynomials.) This conjecture
is made plausible by the fact that compendiums of such formulae (such as chapter 4 of
[4]) do not include values for these particular sums. In this note, we will prove Klamkin’s
conjecture.

Theorem. ) sinA/2 and ) cos A/2 can not be expressed as rational functions of R, r,
and s.

Proof. Consider a triangle ABC with sides BC' = 13, CA = 14, and AB = 15. This
triangle has area 84, semiperimeter 21, inradius 4, and circumradius 65/8. From the Law
of Cosines, we can easily compute the cosines of the angles, finding

COSA:% sinA =2

— 33 ; — 56
cos B = o and sin B = o
(:OSC':1—53 sinC = %
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From the half-angle formulae, we find that

i A 1 B 4 o C 2
m= —= — m—= —= — m-—=— —= —
Sy =5 Sy 65 S5 13

A_ 2 B _ 1 c_ 3
COSZ_\/E COS2 /65 COS2 B

secéz%\/g sec%z% 65 sec& =

CSC%Z\/E csc%z%\/% csc%z%

We thus see that
in 2 + + 2
sin — = — 4+ — + —
2 V5 V65 V13

which is irrational. This shows that »_sin A/2 cannot be a rational function of R, r, and
s, for if it were, then in this particular case, its numeric value would be rational (since
R, r, and s are rational in this case), a contradiction. Similarly, > cos A/2 cannot be a
rational function of R, r, and s, because that would be contradicted by this particular
case, in which

2 7 3

A
CoS — = + —+ —=
Z 2 V5 V65 V13
is also irrational. ]

A similar calculation and argument shows that none of the expressions in display (1)
can be expressed as rational functions of R, r, and s. In fact, the same argument shows
further that none of these expressions can be expressed as rational functions of R, r, s, a,
b, ¢, and K, where a, b, and c are the lengths of the sides of the triangle and K is its area.

In many cases, similar results can be shown using simpler examples. For example, let
mg, My, m. denote the lengths of the medians of a triangle. Using a 3-4-5 right triangle,
I showed in [5] that there is no rational function, M, of a, b, and ¢ such that each of m,,
mp, me can be expressed as rational functions of a, b, ¢, and vV M.

As an exercise, the reader can prove that sinx/2 and cosx/2 can not be expressed as
rational functions of sinz and cosz. It is well known that tanxz/2 can be so expressed,
namely

¢ T sinx

an— = ——.
2 1+ coszx
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